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This paper describes a quantitative experimental confirmation of a 
recent theory for large-signal parametric instabilities in IMPATT diode 
circuits. The relevant parts of the theory are presented in a concise form. 
A graphical technique is given that is useful for analyzing circuit 
stability. A sufficient (though not necessary) condition for well-behaved 
circuits is also studied, and several diagrams are presented that may 
prove useful to circuit designers. 

I. INTRODUCTION 

Spurious oscillations are frequently observed in strongly driven 
IMPATT amplifiers and oscillators. Spurious oscillation is a generic 
term that means, in the case of an amplifier, that there is a signal 
frequency in the output not present in the input and, in the case of an 
oscillator, that there is a signal present in addition to the main desired 
oscillation. In IMPATT diode circuits, the type of spurious oscillation 
most frequently observed fits into one of two categories : (i) a paramet- 
ric-pair-type instability in which there are two spurious signals whose 
frequencies sum to equal that of the strong signal or (ii) a subharmonic 
instability in which one spurious signal occurs at one-half the frequency 
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of the strong signal. It is evident that the second category is a special 
case of the first, and may be considered a degenerate parametric 
oscillation. 

In the course of experiments on IMPATT amplifiers and locked 
oscillators, both degenerate and nondegenerate parametric instabilities 
have been encountered. Accompanying the onset of spurious oscillation, 
it has been noted that there is often a saturation of rf output power, a 
degradation of the amplifier's noise performance, and/or a shift in the 
center frequency of the locking band. Although the spurious signals 
themselves are generally undesirable, the adverse effects upon amplifier 
performance at the design frequency are even more serious. Therefore, 
it is important to understand the nature of the spurious oscillations 
and to determine what must be done to the amplifier design to eliminate 
them. 

In a recent paper, M. E. Hines 1 presented a theory for parametric 
interactions in IMPATT diodes, which is based on the nonlinear 
inductive behavior of the avalanche process. He has given an expres- 
sion for the stability of the IMPATT diode-microwave circuit system. 

This paper describes experiments conducted to characterize the 
diode and circuit conditions at the onset of spurious oscillation, for 
both degenerate and nondegenerate cases, and to compare the results 
with Hines' theory. Good quantitative agreement was found between 
our experimental observations and the predictions of a simplified form 
of Hines' stability expression. Thus, it appears that Hines' theory 
forms a sound basis for designing circuits to suppress parametric-type 
spurious oscillations. 

In another section of this paper, we discuss a procedure for determin- 
ing a region of impedance such that, if the circuit impedance (as seen 
by the diode) lies within this region, the diode-circuit system is stable 
against parametric oscillations for all drive levels. It appears that this 
stable impedance region is physically obtainable, and further that it is 
compatible with the impedance requirements discussed by Brackett 2 
with regard to suppressing bias-circuit oscillations that are due to a 
phenomenon different from the one considered by Hines. 

II. REVIEW OF HINES' THEORY 

In this section a brief recapitulation is given of the aspects of Hines' 
theory that are pertinent to the stability of parametric interactions in 
IMPATT diodes. 

Hines uses the Read 3 model of an IMPATT diode to derive an 
equivalent circuit for parametric interaction of the form given in Fig. 1. 
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Fig. 1 — Equivalent circuit for parametric interaction. 

The equivalent circuit is applicable to small-signal parametric interac- 
tions when the diode is in some large-signal "pumped" state. The 
pump frequency u p is denned as the fundamental frequency of the 
large-amplitude pump wave that is present at the diode. The pump 
wave arises from the impressed signal in the case of an amplifier or 
from the circuit-controlled oscillation in the case of an oscillator. The 
parametrically related frequencies o> m are defined as follows : 



and 



«o = the lowest perturbing frequency (not the 
main oscillation frequency) 

Oil = 0)p + O)o, 
A ,., _ 



o>_i = o>. 



«o, 



(1) 

(2) 
(3) 



where the asterisk denotes complex conjugate. 

From Fig. 1, it is evident that the current I at o> consists of three 
components: current due to the self-admittance at wo and current 
induced by the presence of parametrically related voltages at the upper 
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and lower sidebands, a>i and w_i, respectively. Contributions to I from 
the higher-order parametric signals at the frequencies n-w p ± m for 
n ^ 2 have been neglected. The equivalent circuit for the sidebands 
is similar. The impedance Z mx is the external impedance presented to 
the diode wafer at the frequency u m . The diode package and mount 
parasitic impedances are included in Z mx . The pump frequency of the 
diode does not appear directly in the equivalent circuit, but the pump 
state is introduced through the admittances F m , n . 

From this equivalent circuit Hines derived the following charac- 
teristic equation, which governs the stability of the diode-circuit 
system : 

DAI- MxM-xSoOS*-, + Si) - M 2 M- 2 S 1 S*- 1 

+ (MlM-2 + M 2 - l M 2 )S S 1 S- l (Hines eq. 23) 

- 0- (4) 

The complex quantity M n is defined as the avalanche particle current 
at the nth pump harmonic divided by the dc current. Note that here 
the subscript n signifies the frequency n • w p , whereas the subscripts of 
the S quantities refer to the parametric frequencies u m . It is also impor- 
tant to note that 

M n = Ml„ (5) 

and 

\M n \ ^ 1. (6) 

Generally, \M n \ increases monotonically with the pump level and 
approaches unity as the avalanche current approaches a sharp, narrow 
pulse. 

The complex quantities S m may be thought of as stability factors. 
They are defined as : 

C _ Qf \ _ 1 _J_ / <4> \ Z x (u) m ) + l/jw m C T , 7 x 

where 

o) a = avalanche resonance frequency of the diode, 
Ct = total "cold" capacitance of the diode, i.e., that of the entire 
depleted region, 

and 

r , v x d - x d {sm e d /6 d ) - u 2 /u>l + jx d \_{l - cos 6d)/0d] , QS 

4d{U) - • n n 27-2\ > (o) 

ja>Cr(l — o} 2 /coa) 
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where 

Xd = ratio of drift length to total length of the diode 
and 

8d = uTd = transit angle of the drift region. 

The quantity Zd is the small-signal Read-model admittance previously 
derived by Gilden and Hines. 4 

The stability of the diode-circuit system may be studied by examin- 
ing the roots of eq. (4) for complex frequency. It is apparent that the 
effect of the large-signal pump state upon stability is completely 
described by the two factors M\ and M 2 , since the stability factors S 
depend only upon the small-signal diode impedance and the circuit 
impedance. This separation of pump level and circuit impedance effects 
is a very useful aspect of Hines' approach. It avoids entangling the 
stability discussion with the details of the large-signal nonlinear diode 
behavior. If, for a given circuit and diode, the stability factors are such 
that there are no unstable roots for < | M x \ < 1 and < | Mj | < 1, 
then the system is stable for any pump level. 

Under certain conditions, simplified forms of the characteristic 
equation are valid and useful. For instance, if IM2I <3C | il/i | , which 
corresponds to intermediate pump levels, then eq. (4) becomes 

1 - |Mi|»So6Sr_i + ,Si)^0. (9) 

Alternatively, if \Si\ « \S \ and | S-i | then eq. (4) simplifies to 

1 - iMxpSoS-i^O. (10) 

The simplified criterion given by eq. (10) is the one suggested by Hines 
for the degenerate case, but it is applicable to the nondegenerate case 
as well. We have found good agreement between our experimental 
observations and eq. (10), as is discussed in the next section. 

The approximation which leads to eq. (10) may be justified by 
examination of the definition of S : For a> « a> a , the term a> 2 / (ai 2 — w 2 ) 
is much smaller than 1 and S(u) approaches unity. For in the vicinity 
of o)„, Zd(u) is quite different from 1/juCr and of course a> 2 /(w 2 — w 2 ) 
is large: therefore, S(u) is not in general negligible. However, there is 
no pole for S(w = w a ), since the pole in Zd cancels that of o> 2 / (a> 2 — co 2 ). 
Since it is usually desirable to pump the diode where the negative 
conductance is large, ai 2 , ^ 2w 2 is generally true. Therefore, for to > co p 

.ji >_i 
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and also 



juCi 



and, therefore, S(w) tends ultimately to zero. Therefore, eq. (10) seems 
to be a reasonable approximation, especially for u tt w p /2. 

In order to study stability, the characteristic function D is con- 
sidered a function of complex frequency p = a + ju. Instability occurs 
if the zeros of D lie in the right half of the p-plane. In the case of 
spurious oscillation in IMPATT diodes, it is an experimental fact that 
for sufficiently small Mi there is no instability; thus, the zeros of D 
(and the poles of S S*-i) must lie in the left half of the p-plane for 
small Mi. As Mi is increased to its maximum value of 1, the roots of 
D may or may not cross into the right half of the p-plane. Assuming 
that the roots of D vary continuously with Mi, then any crossing into 
the right half of the plane implies that there is first an intersection of 
the root locus with the imaginary axis for some value of Mi. The 
frequency for which the zero of D lies on the p = ju axis may be 
designated as u and the corresponding value of Mi as Mi. For Mi = Mi, 
the system is said to be marginally stable or at the threshold of spurious 
oscillation, where the spurious frequency is u. 

Thus, in order to determine approximately if a given diode and 
circuit are unstable for a physically attainable pump condition, it is 
only necessary to evaluate D = 1 — \Mi\ 2 S S*-i for real u (actually, 
just for < wo < a>p/2) and determine if there are any zeros for 
< | Mi | < 1. If not, then the system is stable for any pump level. 
If there are zeros, then the zero with the smallest value of \Mi\ 
corresponds to the first spurious oscillation which we would expect to 
observe upon increasing the pump level monotonically from zero. In 
this case, we may predict the drive level and the frequency for the 
onset of spurious oscillation. 

It is evident that zeros of D correspond to real values of SpSt-i. 
Thus, we may plot S S*-i and note the frequencies where the locus 
intercepts the real axis. The basic construction for one value of wo is 
indicated schematically in Fig. 2. There is at least one real axis intercept 
since, for u = <a p /2, S = S_i. This is not necessarily an instability, 
since \8(<a p /2)\ may be less than 1. Since the phase condition for 
instability is always satisfied at the subharmonic, this suggests that 
the half-pump frequency oscillation may be a more likely form of 
spurious output, which appears to agree with the experience of many 
workers. 

1192 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1974 




4 Re 

-UNSTABLE REGION 



Fig. 2 — Schematic diagram of the simplified stability criterion. 

It is interesting to note that eq. (10) has the same form as the 
expression for stability of a single-loop feedback control system, 
1 + kG(u)H(u) = 0, where (?(«) is the forward gain and kH(co) is 
the gain of the feedback loop. Thus the modulation index Afi is 
analogous to the gain of a feedback loop. This suggests that some 
concepts of classical control theory may be useful in the present 
problem. 

III. COMPARISON OF OBSERVED SPURIOUS OSCILLATIONS WITH THE 
STABILITY CRITERION 

In this section, an experiment is discussed in which the onset of 
spurious oscillation was observed and characterized for three diode- 
circuit cases. Both degenerate and nondegenerate parametric-type 
oscillations were obtained. The predictions of the simplified stability 
criterion of eq. (10) are found to be in good agreement with the 
experiments. 

The basic idea of the experiment is to place the diode-circuit system 
in a state that corresponds to the onset of spurious oscillation. Then 
that threshold state is characterized by measuring Z x (u), Z d {oi), the 
pump level and the spurious frequencies. The results may be compared 
with the predictions of the stability theory. 

There are several ways in which the diode-circuit system may be 
placed in the threshold state. One way is to operate the circuit as an 
amplifier; with the diode bias current and the circuit tuning held 
constant, the input signal level may be increased until spurious output 
begins. Another way is to operate the circuit as an oscillator where the 
diode current is fixed and the tuning is varied in such a way as to 
increase the oscillation strength until spurious oscillation begins. Still 
another way is to operate the circuit as a fixed-tuned oscillator and 
increase the dc bias current, thereby increasing the oscillation strength 
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until instability occurs. We have experimented with each method and 
found that the nature of the spurious oscillations appears to be the 
same in each case. For reasons of experimental convenience, the 
second method has been adopted, with the results described here. 

The experimental setup is shown in the schematic diagram of Fig. 3. 
The circuit is a circulator-coupled, locked-oscillator-type amplifier 
designed to operate at 11 GHz with a single 2-watt GaAs IMPATT 
diode. The oscillation frequency is primarily controlled by the capaci- 
tive disc, and the tuning screws are used for impedance trimming. The 
experimental procedure is to position the screws so that the diode may 
be biased at full operating current without oscillation of any kind. Next, 
the tuning screws are adjusted so that oscillation is initiated at about 
11 GHz, the pump signal frequency. Then the screws are adjusted to 
further load the diode so that it delivers progressively more pump 
power until spurious oscillation begins. At the onset of spurious output, 
the pump output power and frequency are recorded along with the 
frequency of the spurious signal or signals, and the circuit impedance 
is then measured. 

Several cases of spurious oscillation were investigated using this 
procedure. The data characterizing the situation at the onset of in- 
stability are summarized in Table I. A more complete discussion of the 
cases is given below. 

Case 1 . The diode was biased to he = 300 mA. In the initial position 
of the tuning screws, there was no oscillation of any kind. As the screw 
penetration was increased, the diode began to oscillate near 11 GHz 
and the output power increased monotonically with screw penetration. 
There was a slight continuous shift in f p of about 200 MHz, as the 
output power was increased up to and somewhat beyond the threshold 
of spurious output. The output pump power is defined as the power 
available (at /„) at the output port of the circulator in Fig. 3. 

When the tuning was adjusted past the threshold point, both the 
subharmonic signal and the pump grew stronger. No additional 
spurious signals were observed. 

At the threshold condition, the output spectrum was carefully 
searched from 10 MHz to 40 GHz with the following results. No 
spurious signals were found other than the weak subharmonic signal. 
In particular, no signal could be detected at the upper sideband fre- 
quency, wi = 1.5«p. This provides support for the idea that Si may 
often be negligible, which is the approximation used to reduce eq. (4) 
to eq. (10). A relatively weak signal was detected at / = 2/ p , but not 
at the third harmonic of the pump. Harmonics of the pump signal are 
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Fig. 3 — Schematic diagram of the experimental setup. 

not considered to be spurious signals, since in any nonlinear device 
harmonic components are expected when strongly driven. Note that 
the second harmonic factor M 2 does not affect the spurious oscillation 
condition when Si is small. 

The diode used for this case, diode 15, is a one-sided, uniformly 
doped, Schottky-barrier, GaAs diode. 

Case 2. The circuit used in this case is the same as in case 1 ; the only 
difference is in the positions of the tuning screws. The diode used here, 
diode 2, is similar in type to diode 15. The major difference between 



Table I — Summary of experimental data at the threshold 
of parametric instability 
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#15 
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11.1135 


10.94 


Pump power, dBm 
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/o=/-i 


U = /-. 


/o = 4.61; 
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the diodes is that diode 2 has a smaller area (by a factor of 0.73) and, 
thus, a higher impedance level than diode 15. 

The spurious threshold for this case corresponds to nearly 3 dB 
more output power than for case 1. Otherwise, the two cases are very 
similar. The pump frequency is essentially the same, the spurious type 
is subharmonic, and no other spurious signals were observed at the 
threshold. 

Case 8. In this case, diode 15 is used again. The circuit is modified 
from that shown in Fig. 3 by the inclusion of a shunt line which is 
X/4 long at about 5.5 GHz. The line is connected to the capacitive disc 
through a small resistor and is terminated with an open circuit at the 
distant end. The idea is to alter Z x at the subharmonic without affecting 
Z x at the pump frequency. 

It is apparent that the desired effect was obtained, in that the diode 
may now be driven to a higher output level than in case 1 without 
obtaining spurious tones. Further, when an instability develops, it 
turns out to be a parametric pair rather than the subharmonic de- 
scribed in case 1. Other than f and /_i, which are given in Table I, 
no other spurious signals were observed. 

It was possible to vary the tuning screws to keep the diode-circuit 
system at the threshold condition while reducing f p by about 80 MHz 
from the value given in the table. As this was done, both f and /_i 
decreased by approximately 40 MHz each. Thus, apparently neither 
spurious signal is frequency-dominant in this case. 

3.1 Calculation of theoretical spurious threshold 

To apply the simplified stability criterion of eq. (10) to predict the 
spurious threshold for the experimental cases, the diode impedance 
Zd(c>}) and the external circuit impedance Z x (u>) must be determined. 
The small-signal impedance of the diodes in question was directly 
measured for 7 dc = 300 mA by a method that has been described in 
detail elsewhere. 5 Since Hines' theory is cast in terms of the Read-diode 
model, what are actually needed are the values of the parameters in 
the Read-model expression for Z d [see eq. (8)], which best fit the 
measured impedance of the real diode. A comparison of the measured 
small-signal admittance data and the equivalent Read admittance 
expression is given for both diodes in Figs. 4a and 4b. It is apparent 
that the agreement is not exact, but it is good enough for our purpose. 
The corresponding diode parameter values are given in Table II. 

The other impedance required is Z X) the external impedance, which 
is defined as the impedance seen by the diode wafer. It, therefore, 
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Fig. 4 — Comparison of measured small-signal wafer admittance with the Read- 
model equivalent (I dc = 300 mA). (a) Diode 15. (b) Diode 2. 



Table II — Parameter values for the Read-model equivalent 
of diodes 2 and 15 



Parameter 


Diode 2 


Diode 15 


C7,pF 
/«, GHz 

Td, PS 

£d, dimensionless 


0.86 
8.3 
44.8 
0.83 


1.176 
7.35 
41.5 
0.83 



These values of Ct are appropriate for the operating temperature. 
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must include the parasitic elements contributed by the diode package 
and mount. The equivalent circuit for this is shown in Fig. 5. The 
quantity Z m is the impedance at the reference plane M (see Fig. 3) 
looking toward the circulator. The element values given in Fig. 5 
were determined by making a series of impedance measurements at the 
plane M looking toward the wafer and replacing the packaged diode 
with each of several standard impedances. Comparison of the measured 
element values with the geometry of the circuit reveals that : (i) L, is 
equal to the inductance associated with the lead wire internal to the 
package, (it) C\ is composed partly of the package capacitance and 
partly of mount capacitance directly in parallel with the conventional 
C p , (in) L M is due to magnetic energy storage within the annular region 
between the package and the outer conductor, and (iv) Ci is due to the 
fringing and gap capacitance of the disc. Because of differences in 
internal construction, L, = 0.330 nH for diode 2 and L, = 0.278 nH 
for diode 15. The parameters C\, Ct, and L M are the same for each of 
the three spurious oscillation cases. The impedance Z M was measured 
at 100-MHz intervals using a Hewlett-Packard automatic network 
analyzer. In each case, the tuning screws were in the position that 
corresponded to the onset of spurious oscillation. 

The resulting Z x for cases 1 and 3 are shown in Smith chart form in 
Figs. 6a and 6b. In case 2, Z x is found to be similar but not identical to 
case 1 ; the differences are due to different screw positions and different 
L, values. An independent corroboration of the measured Z x may be 
obtained by observing that, since the diode oscillated at a known fre- 
quency in each case, then — Z x (u p ) must be equal to the large-signal 
diode impedance. Note that —Z x (o) p ) ?* Z d (io p ), since the large-signal 
impedance is somewhat different from Zd. Such a comparison was made 
for case 1 using the theoretical large-signal result computed 6 for a very 
similar diode structure when operated at the same rf efficiency, and 
the agreement was found to be quite good. 
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Fig. 5 — Equivalent circuit for the diode package and mount. 
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Fig. 6 — External impedance normalized to 50 ohms, (a) Case 1. (b) Case 3. 
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Using the Z x and Z d data, the ^-factor has been computed for each 
case. When the pump frequency is established, the quantity SqS*-x may 
then be evaluated. This dimensionless quantity is plotted in Figs. 7a 
to 7c for each of the three cases. 

In case 1, it is evident that there is only one intercept with the real 
axis. This occurs at SoS*-i = 2.68 for / = 5.55 GHz, i.e., at the sub- 
harmonic frequency. Thus, there is only one potential spurious oscilla- 
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Fig. 7 — Stability factor product SoSti as a function of « . (a) Case 1. (b) Case 2. 
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tion for this case. Since the intercept is larger than one, the subharmonic 
oscillation is expected to occur for physically attainable pump levels, 
specifically for |ilfi| ^ (2.68)~* = 0.611. Experimentally, the spurious 
oscillation observed was indeed of the subharmonic type, and it began 
at 25.5-dBm pump power. 

In case 2, it is seen that if the behavior of S S*-i at the extreme low 
frequency limit is neglected for the moment, there is again only one 
intercept with the real axis. Thus, again the diode is potentially un- 
stable at the subharmonic only, and instability is expected for 
| Mi | ^ 0.678. Experimentally, subharmonic oscillation was observed 
to begin for pump power equal to 28.4 dBm. This is significantly higher 
than the threshold pump power for case 1 and is in agreement with the 
fact that the predicted threshold M i level is higher for case 2. 

The general appearance of the <S 5*-i plot in case 2 is quite different 
from case 1. This is primarily due to the higher diode impedance level 
in case 2, since Z x (u) is very similar in both cases. A check of the Z x 
data in the vicinity of the subharmonic reveals that they are virtually 
identical for cases 1 and 2. Thus, the predicted and observed higher 
degree of stability for diode 2 in the basic amplifier circuit is primarily 
due to the smaller junction cross-sectional area of diode 2. 

Let us now consider the approach of SoS*-i toward the real axis for 
/o less than 200 MHz. This behavior indicates a potential instability 
for /o = 150 MHz and /_i = 10.96 GHz, which was not experimentally 
observed. A likely explanation for this is that, for very small w , the 
upper and lower sidebands are close to u p and, therefore, the quantity 
Si is no longer negligible. That is, the more complete stability criterion 
is probably required for w « ta p /%. Also, for very small w the rectifica- 
tion effect which is neglected in this large-signal model becomes 
important and may affect the stability. 

In case 3, there are two intercepts of the real axis : 

♦ J 2.07 for /o = 4.65; /_j = 6.29 GHz 

^- 1 " j 1.52 for /„ = 5.46 = /_i. 

Thus, there are two potentially unstable parametric pairs, and it is 
expected that the nondegenerate pair would be the instability en- 
countered by increasing the pump level until spurious oscillation 
begins. The associated threshold pump level is \Mi\ = 0.695. The 
observed spurious oscillation was a parametric pair at 4.61 and 6.33 
GHz, which is considered to be in quite good agreement with the 
predicted values. The threshold pump power was 27.0 dBm, which is 
clearly larger than that required to initiate instability for the same 
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diode in case 1. The latter fact agrees with the predicted relative 
stability of the two cases. 

Thus, there is good agreement between the instability theoretically 
predicted, using the simplified stability criterion of eq. (10), and that 
experimentally observed in all three cases. 

IV. THEORETICAL STUDY OF CIRCUIT IMPEDANCE SUFFICIENT FOR 
UNCONDITIONAL STABILITY 

As was discussed in the introduction, spurious oscillation is usually 
an undesirable phenomenon for a number of reasons. Thus, it is of 
interest to determine what, if anything, can be done to the diode- 
circuit system to insure that an instability cannot occur. Applying a 
stability criterion to this synthesis problem is generally more difficult 
than analyzing a given situation for stability. However, some useful 
information can be obtained from the simple stability criterion of eq. 
(10), which was shown in the previous section to predict spurious 
oscillation accurately for several experimental cases. 

To obtain unconditional stability, it is necessary to have an SoS*-i 
function that does not intersect the real axis beyond unity for ^ w 
^ u p /2, as indicated in Fig. 2. It is sufficient for unconditional stability 
if S S'-! lies within the unit circle. However, the latter condition is not 
required for stability except in the special case of the subharmonic. 
Figures 7a to 7c contain numerous examples of frequencies for which 
|<Sofi£_i | is quite large, yet instability did not occur there, because the 
phase requirement was not satisfied. 

Although the requirement that S S*-i should lie within the unit 
circle is somewhat restrictive, it has the advantage that one may con- 
centrate on reducing the magnitudes of *S and S-i and completely 
disregard the phase of the stability factors. This simplifies the problem 
greatly. If the additional requirement is made that So and S-i should 
each lie within the unit circle, a further simplification results. It is 
then no longer necessary to consider the pump frequency explicitly 
since, no matter what the value of w p is, SoS*-i must lie within the unit 
disc. Therefore, most of this section is concerned with the conditions 
that must be satisfied to give | *S(co) | f* 1, for < « < w p . Note that 
it is generally necessary to consider the entire frequency range and 
not just frequencies below 6j p/2 since, no matter how well-controlled So 
may be, <S_i could be such as to yield an unstable product. 

The equation for the stability factor, eq. (7), may be solved for 
Z x to yield 

z - = - z ' + (r+rr^)(^-ji 5 ) ) (id 
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where 



4(^-x)-\ 09 



For any set of Z d , r, o>, and C T , eq. (11) may be recognized as a bilinear 
transformation 7 between Z x and S. Several properties of a bilinear 
transformation are useful here : 

(i) A chain of bilinear transformations is also a bilinear 

transformation. 
(it) A bilinear transformation is one-to-one. 

(in) A bilinear transformation always maps circles into circles (the 
straight line is regarded as a circle of infinite radius). 
The third property is particularly useful, since it states that circles of 
constant | S | map into circles in the external impedance plane. It may 
be shown that the family of constant | S | circles in the Z x plane are 
determined by the graphical construction given in Fig. 8. 

It is evident from Fig. 8 that there exists a simply connected region 
in the Z x plane such that, for any Z x within this region, |S| S 1. 
Further, the region is bounded by a circle ; in some cases, it may be 
the entire Z x plane "outside" a circle. The circle in the Z x plane for 
\S\ = 1 has several important properties. It must pass through the 
point Z x = j(l/u>Cr), as may be readily seen from eq. (7). Also, the 
circle cannot be tangent to the imaginary axis at Z x = j(l/«Cr), but 
rather must subtend a portion of the positive-real half of the Z x plane. 
The latter property can be seen from Fig. 8, where it is evident that 
the line of centers cannot be horizontal since, in general, Im 
(Z d ) ^ 1/jwCr. Thus, it is apparent that there is always some region 
of positive-real Z x such that |S| ^ 1. Therefore, we can contemplate 
synthesis of a Z x function sufficient to give stability using only passive 
elements. 

The boundaries of the stable regions of the Z x plane have been 
computed for a specific case, and the results are shown in Fig. 9. By 
"boundary of the stable region" we mean here the locus of Z x for which 
\S\ = 1. The case considered is that of a diode with Read-model 
parameters; C T = 1 pF, x d = 0.83, r d = 40 ps, and /„ = 7.5 GHz. 
These parameters are comparable to the experimental diodes of the 
previous section, i.e., they are representative of a typical X-band 
GaAs diode. In Fig. 9, the stable regions are shown for a discrete set 
of frequencies spanning the range from zero through X-band. The 
boundaries of the stable regions are circular arcs in the Smith chart, 
since the transformation from rectangular to Smith chart coordinates 
is another bilinear transformation. 
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Fig. 8— Construction of constant |5| circles in the Z z plane. 



A graph such as Fig. 9 may be used to synthesize a Z x function to 
give unconditional stability or to check a proposed Z x in the following 
manner. If a proposed Z x (u) is such that at/ = 2 GHz it falls within 
the 2-GHz circle, at 4 GHz Z x lies within the 4-GHz circle, and so on 
for all frequencies < / < /„ then the diode for which Fig. 9 is 
applicable is unconditionally stable in the circuit corresponding to 
Z x . That is, it will not develop parametric-type spurious oscillation for 
any physically attainable pump level. 
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Fig. 9 — Stable regions of external impedance for a typical diode. (Arrows indicate 
stable region. Ct = 1 pF, t d = 0.83, r d = 40 ps, /„ = 7.5 GHz, Z = 50 ohms.) 

The location of the stable regions in Fig. 9 is governed entirely by 
the four independent parameters of the Read-diode model. Thus, it is 
of interest to determine the effect of these parameters individually 
and to construct a more universal diagram. Figure 9 may be inter- 
preted in a more general fashion as follows. Equation (11) may be 
rewritten as 



Td 



where 



= '-£- g(Xd, WTrf, U a T d , S), 

Or 



z A wCrZd. 



(13) 



(14) 



In eq. (13), the function g depends only upon the parameters Xd, 
o) a Td, S, and the normalized frequency o>T d . Therefore, it is apparent 
that Fig. 9 may be applied to any diode that has x d = 0.83 and 
u a Td = 0.67T radians. Of course, the labelled frequencies must be 
reinterpreted as normalized frequencies, i.e., / = 2, 4, •••, 12 GHz 
corresponds to cor d = 0.16tt, 0.32x, ■■•, 0.96tt radians. Also, the 
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normalizing impedance needs to be reinterpreted as 

Z C T /T d = 1.25 ohm F S~K (15) 

Thus, it is evident that the parameters Td and Ct affect only scale 
factor but not the relative size or location of the stable regions in Fig. 9. 

Since a chart such as Fig. 9 is applicable to the family of diodes with 
fixed Xd and a> a T d , it is worthwhile to consider briefly the usual ranges 
for these parameters that are obtained in practice. The parameter x d 
is the fraction of the total depletion layer occupied by the drift region. 
Although this depends in general upon the semiconductor material 
and doping profile, for a uniformly doped diode Xd is essentially constant 
over a wide range of doping levels. 6 That is, for a GaAs one-sided, 
uniformly doped, nonpunch-through I MP ATT, it is a reasonable 
approximation to take Xd = 0.83 for devices that operate within the 
approximate frequency range 4 to 20 GHz. The transit time Td de- 
termines the frequency for optimum large-signal operation. In practice, 
the diode is usually designed so that u p Td = 0.8ir. The avalanche 
frequency depends upon material parameters and also upon the bias 
current density. However, in practice, it is usually found that w„/2 
< o) Q < oj p . Thus, the usual range of a a Td is OAt < u a T d < 0.87T. 

Figures 10a and 10b give the stability charts for Xd = 0.83 and 
w Td = 0.47T and 0.87r rad. These normalized charts together with 
Fig. 9 may be used for studying the stability of the most common type 
of GaAs IMPATT diodes, namely, one-sided, uniformly doped diodes. 
For other doping profiles or semiconductor material, it is simple to 
construct similar charts using eq. (13) or the graphical procedure of 
Fig. 8. It is evident from Fig. 10b that the region of Z x which gives 
|*S| < 1 is quite small at the higher frequencies. This suggests that 
diodes with large values of u) a Td may be quite difficult to stabilize. 

Some additional remarks should be made concerning the choice of 
a Z x that is sufficient for unconditional stability. One concerns the 
possibility of compensation at complementary frequencies. Thus far, 
the discussion has been devoted to finding Z x (oj) so that |<S(co)| ^ 1 
for < oj < o) p . In some practical situations, there may be a portion 
of this frequency range where it is undesirable or impossible to keep 
l&(a>)| ^ 1, perhaps because of the influence of package parasitics. 
In such a situation, it is still possible to guarantee stability by introduc- 
ing compensation at the complementary frequency. For example, if 
for some o>o|& | > 1, the ^-product still lies within the unit disc if 
|*S_i| < |&o| -1 . Thus, it may be useful to construct circles in the Z x 
plane corresponding to | £ | other than unity, to assist in the design of 
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Fig. 10 — Normalized stability charts for external impedance. (Arrows indicate 
stable regions. Z C T /T d = 1.25 ohm F S' 1 .) (a) x d = 0.83, w a T d - 0.4tt. (b) 
id = 0.83, u a Td = 0.87T. 
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a compensated Z x . One drawback to any compensation procedure, 
however, is that the complementary frequencies are related by u> p . 
Therefore, a diode-circuit system that is compensated at a> p0 , i.e., that 
has S S*-i within the unit circle for aj p0 , may be unstable for pump 
frequencies that are sufficiently different from w p o. 

Furthermore, it is not necessary for unconditional stability that 
|*S *S*-i| ^ 1, except at the subharmonic frequency. In applications 
where this condition is too restrictive of Z x , it is possible to analyze 
proposed circuits for stability and study the effect of various circuit 
parameters. The stability criterion of eq. (10) may be used or, since 
such an analysis is most conveniently done by computer, the more 
general expression of eq. (4) may be used with little more cost. 

A question arises concerning the compatibility of the impedance 
requirement resulting from Hines' theory of parametric interaction and 
the impedance requirements for preventing bias-current oscillation 
which were recently discussed by Brackett. 2 The origin of the oscillation 
which Brackett considered is in the dc negative resistance produced in 
an IMPATT by the large-signal rectification properties of the ava- 
lanche process. This is a different physical process from the one Hines 
considers and, in fact, Hines assumed the induced dc resistance to be 
zero. Brackett concluded that, to prevent bias-circuit oscillations, the 
diode should see a high impedance below some cutoff frequency f c . 
The value of f c depends upon the Q of the microwave circuit, but 
generally /<• is less than about 500 MHz. It may readily be seen from 
eq. (3) that, for / < f C) the factor u 2 /(ul — u> 2 ) becomes so small that 
S = 1 for any finite value of Z z . Thus, Z x may be chosen to satisfy 
Brackett's requirements without appreciably affecting the stability 
factor. 

V. CONCLUSIONS 

The aspects of Hines' recent theory of parametric interactions of 
IMPATT diodes that are most pertinent to the study of stability in 
strongly driven oscillators and amplifiers have been reviewed. A 
simple, approximate stability criterion has been developed from Hines' 
theory. An experiment was performed in which several cases of spurious 
oscillation were observed, and the diode and circuit impedances were 
carefully characterized for each case. The predictions of the stability 
criterion were found to be in good quantitative agreement with the 
experimental observations in each case. 

Using the simple stability criterion, a procedure has been developed 
for determining a range of circuit impedance sufficient for uncondi- 
tional stability, i.e., stability under all physically attainable drive 
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levels. The desired circuit impedance is expressed in terms of the 
Read-model equivalent of the I MP ATT diode in question. A set of 
normalized stability charts has been given that may be used for 
designing stable circuits for a class of GaAs IMPATT diodes. The 
procedure is also given for constructing similar charts for other types 
of diodes. 

The desired circuit behavior appears to be synthesizable using 
positive-real impedance functions. Finally, it has been shown that the 
circuit requirements are compatible with the restrictions described by 
Brackett to prevent bias-circuit oscillations and low-current burnout. 
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APPENDIX 

This appendix compares the values of modulation index Mi which 
were measured at the threshold of spurious oscillation to those predicted 
by the stability criterion, for the cases discussed in Section III. The 
measured values of Mi are calculated as follows : 

l/.l 



Mi A 



2L 



where 



and 



h= (\-X d - j^X^Ie, 

= (1 - er*p T *)/a p Ti, 

Ie = lT(Y d -J0> p C T )/Y d , 
\If\ m {2P/R X )\ 

Y d = {-Z x )~\ 

I = injected current {full wave amplitude), 
I e = induced current, 
It = terminal current, 

Y d = diode large-signal admittance at the pump frequency, 
P = output power at the pump frequency, 
R x = Re (Z x ). 
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Table III — Modulation index Mi at threshold of 
spurious oscillation 





Measured 


Theoretical 


Case 1 
Case 2 
Case 3 


0.49 
0.69 
0.58 


0.61 
0.68 
0.69 



The magnitude of the modulation index was evaluated using the data 
given in Section III. The results are compared to the theoretical 
spurious threshold in Table III. The agreement is considered to be 
reasonably good, when the approximations of the stability criterion 
and the diode model are considered. 
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